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“Almost exact” estimates for the Delone triangulation numbers are given. In
particular
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By B’ we denote the Euclidean ball in R”. Recall that the symmetric
difference metric for convex bodies K and C is the volume of the difference
of K and C

dg(K, C)=vol (KA C).
McClure and Vitale, [ McVi], in dimension 2 and Gruber, [Gr], in
arbitrary dimension obtained an asymptotic formula for convex bodies K
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in R” with a C2-boundary with everywhere positive curvature. Namely, for
such bodies

lim N¥*~Vinf{dg(K, Py)| Py = K, Pyis a polytope with N vertices}

N — ©

is equal to

El

(n+1)/(n—1)
tael, ([ oo duto))
oK

where u is the surface measure, x the Gauss-curvature, and del,_; is a
constant connected with the Delone triangulations. Thus

<2 inf{dg(K, Py) | Py K, >
del . — lim P is a polytope with N vertices}
n—1 No oo (_“aK K(x)l/(nJr 1) d,u(x))("+ 1)/(n—1) N72/(n71) :

In particular, for K= B, we get

<2 inf{dg(B5, P,) | Py < B3,
. P is a polytope with N vertices}
del, = 1\’1le (vol,_,(0B%))n+1/tn=1) y=2/(n=1)

It was shown in [ GRS] that there are constants ¢; and ¢, such that
cyn<del,<c,n.
This result was refined in [ MS]:

n—1

Vol (B3 TV <del, <20 vol,_(9B3) .

Let K be a convex body. We consider random polytopes with vertices
(randomly) chosen from the boundary of the body K. The expected volume
of such a random polytope is defined by

(0K, N) = j

0K

| VOL([xs s X D) AP(x) - dP(x),
oK

where P denotes the normalized surface measure on the boundary of K and
[xy, .., x5] denotes the convex hull of the points xq, ..., Xp.
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ProrposiTiON 1 (J. Miiller, [ Mii], Theorem 2).

In the above notation,
for K= B’ one has

[ VOL.(B3) — E(2B3. N)
Now N HeD

_Volnz(aBg—1)<(n_l)Volnl(aB;)>(n+l)/(n—2)F< P14 2 >
om0\ vol, S(@B3) 1)

The following theorem provides “almost exact” estimates for the Delone
triangulation numbers

THEOREM 2. For every neN with n>=2

n—1

+1

vol, _,(By~1) ==

<deln—1<mV01n_1(3’2’_1)_2/("_” .

Consequently there is a numerical constant ¢ >0 such that

n—
n+1

vol, _,(By~!)=2/¢=D

clnn\n—1 I
<deln1<<1+ p, >n+1V01n1(33 1y=2/n—1),

In particular,

fim St L
n— oo n _271'6'

Proof. The left-hand inequality was shown in [ MS], Theorem 3. To
prove the right hand side inequality note that

<2 inf{dg(B5, Py) | Py = Bj,
. P is a polytope with N vertices}
del—1 = M ol (0Bg) " o =D N2

2(vol,(B3) — E(0B3, N))
SN (vol, _,(6Bg)) "+ De=1) ==

<
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By Proposition 1 we have

1 aBn—l -1 (n+1)/(n—1) 2

(n+1)! n_o(0B2 1 n—1
2
w1 F<n+l+n_l>
_ n—1yy—2/(n—1)
= (vol, (B3 ) — =,

By an elementary calculation

2
r 1+——
<n+ +n—l> cln(n+2)
<1+

X .

n! n

It remains to show that

. del,_, 1
Iim ———=—.
now N 2ne

This follows from

] VOl _I(Bn—l)—Z/(n—l) 1
lim —=~ 2 =—.
n— oo n 2me I
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